Let G be a finite group and σ 1 (G) = 
Introduction
Given a finite group G, we consider the function σ 1 (G) = 1 |G| H≤G |H| studied in our previous papers [3, 8] . Recall some basic properties of σ 1 :
-if G is cyclic of order n and σ(n) denotes the sum of all divisors of n, then σ 1 (G) = σ(n) n ; -σ 1 is multiplicative, i.e. if G i , i = 1, 2, . . . , m, are finite groups of coprime orders, then σ 1 (
The starting point for our discussion is given by the open problem in [8] , which asks to study whether there is a constant c ∈ (2, ∞) such that if σ 1 (G) < c then G is solvable. In the current note, we will determine such a constant. Our main result is the following. For the proof of Theorem 1, we need three theorems from [4] , [1] and [5] (see also Theorems 1.1, 1.2 and Lemma 2.1 of [7] , respectively).
Theorem A. A finite group with at most two conjugacy classes of maximal subgroups is always solvable.
Theorem B. A finite group G with exactly three conjugacy classes of maximal subgroups is non-solvable if and only if either
, where p is a prime.
Theorem C. A finite group with an abelian maximal subgroup is always solvable.
Most of our notation is standard and will not be repeated here. Basic definitions and results on groups can be found in [5] . For subgroup lattice concepts we refer the reader to [6] .
Proof of the main results
First of all, we give a lemma that will be useful to us.
Lemma. We have:
, and the equality holds if and only if p = 2.
Proof.
a) By using GAP, we get σ 1 (PSL(2, 7)) = 
is the Gaussian binomial coefficient.
Note that for each i = 1, 2, 3 we have
It follows that
as desired.
Assume now that p = 2. Then PSL(2, 2 p ) ∼ = A 5 and we can easily check that σ 1 (A 5 ) = We are now able to prove our main result.
Proof of Theorem 1. We proceed by induction on |G|. Assume that σ 1 (G) < 117 20
, but G is not solvable. Then G has at least three conjugacy classes of maximal subgroups by Theorem A. Also, it possesses no cyclic maximal subgroup by Theorem C.
If G has at least four conjugacy classes of maximal subgroups [M i ], i = 1, 2, 3, 4, then
By Theorem 2 of [3] we have
which together with (1) lead to
Thus G has exactly three conjugacy classes of maximal subgroups and Theorem B shows that either
If Φ(G) = 1, then
< 117 20 and therefore G/Φ(G) is solvable by the inductive hypothesis. Since Φ(G) is nilpotent, and consequently solvable, we infer that G is also solvable, contradicting our assumption. Thus Φ(G) = 1, that is G ∼ = PSL(2, 7) or G ∼ = PSL(2, 2 p ) for a certain prime p, and the above lemma implies that σ 1 (G) ≥ 117 20
, a contradiction. The proof of Theorem 1 is now complete.
